Abstract. From the point of view of index theory, we give a simple proof of a Gauss-Bonnet-Chern formula for all Finsler manifolds by the Cartan connection. Based on this, we establish a Gauss-Bonnet-Chern formula for any metric-compatible connection.
Introduction
In [7, 8] , S. S. Chern gave a intrinsic proof of the Gauss-Bonnet-Chern (GBC) formula for all oriented closed n-dimensional Riemannian manifolds (M, g) such that π * Ω = dΠ.
(1.3) Thus, pulling back (1.3) by a unit vector with isolated zeros and using the Poincaré-Hopf theorem, one can obtain the formula (1.1).
Let (M, F ) be a n-dimensional Finsler manifold. Denote by π : SM → M the projective sphere bundle and π * T M the pull-back bundle. F induces a natural Riemannian metric on π * T M . There are many important linear connection on π * T M , but none of them is both "torsion-free" and "metric-compatible". For example, the Cartan connection is metric-compatible while the Chern connection is torsion-free. Refer to [1, 3] for other interesting connections.
It is natural to ask whether an analogue of (1.1) still holds for Finsler manifolds. And it begins with a work of Lichnerowicz's [10] . In that paper, Lichnerowicz obtained a GBC formula for Cartan-Berwald spaces by the Cartan connection. One interesting feature of a n-dimensional Cartan-Berwald manifold is V(x) = vol(S n−1 ), where V(x) is the Riemannian volume of S x M induced by F (see [2, 4] or Section 2 below). Fifty years later, Bao and Chern [2] reconsidered this problem and established a GBC formula for Finselr manifolds with V(x) = constant by using the Chern connection. In the same year, Shen [13] obtained several formulas of GBC type by the Cartan connection for a certain class of Finsler manifolds. Recently, Lackey [9] used a nice trick to deal with V(x) and generalized the result of Bao and Chern [2] to all Finsler manifolds. In fact, Lackey established a GBC formula for any torsion-free connection. The same technique also appeared in an unpublished work of Shen [12] and a GBC formula for any metric-compatible connection was established.
All the methods used in References [10, 2, 13, 9, 12, 9] are inspired by Chern's original idea presented before. It should be noticeable that Φ k and Ψ k constructed by the Chern connection don't satisfy (1.2) while Π constructed by the Cartan connection is not a "total curvature". Hence, whichever connection is chosen, one needs a lot of techniques to calculate and correct (1.2) and (1.3), not to mention an arbitrary torsion-free or metric-compatible connection.
Note that the GBC formula (1.1) is the simplest case of the Atiyah-Singer index theorem [5, 11] . The purpose of this paper is to give a simple proof of a GBC formula for any metric-compatible connection and for all Finsler manifold from the point of view of index theory. Given any metric-compatible connection D on π * T M , we define
where (Ω 
,
is the Riemannian volume of S x M , and D is some n-form on SM .
It is noticeable that (1 − s)D + s∇ is a metric-compatible connection, for any metric-compatible connection D. Thus, by Theorem 1.1 and a transgression formula (see Section 4), we obtain the following Theorem 1.2. Let (M, F ) be a closed Finsler n-manifold and X be a vector field with isolated zeros. Given any metric-compatible connection D, we have
See Section 4 below for the precise formulas of D and E. It is remarkable that Theorem 1.1 and Theorem 1.2 are independent of the choice of the vector field X.
In the Riemannian case,
* π * = id, both Theorem 1.1 and Theorem 1.2 imply the GBC formula for Riemannian manifolds [5, 7, 8] .
We remark that Shen [12] also established a GBC formula for any metric-compatible connection and for all Finsler manifolds. But the formula and the method in [12] are different from ours here. Refer to [12] for more details.
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Preliminaries
In this paper, the rules that govern our index gymnastics are as follows: Latin indices run from 1 to n; Greek indices run from 1 to n − 1.
A Finsler n-manifold (M, F ) is an n-dimensional differential manifold M equipped with a Finsler metric F which is a nonnegative function on T M satisfying the following two conditions:
(1) F is positively homogeneous, i.e., F (λy) = λF (y), for any λ > 0 and y ∈ T M ; (2) F is smooth on T M \{0} and the Hessian
Let π : SM → M and π * T M be the projective sphere bundle and the pullback bundle, respectively. For each (x, [y]) ∈ SM , the distinguished section ℓ of π * T M is defined by
where
In general, there is no linear connection in π * T M such that it is not only "torsionfree" but also "metric-compatible". There are two important connections in π * T M , which are the Cartan connection [6] and the Chern connection [3] . The former is compatible with g while the latter is torsion-free. From now on, we denote by ∇ the Cartan connection and∇ the Chern connection.
Throughout this paper, we assume that {e i } is a local orthonormal frame field for π * T M , where e n = ℓ, and {ω i } is the dual frame field. Let ∇e i =: ̟ j i ⊗ e j and ∇e i =:̟ j i ⊗ e j . According to [3, 6] , these two connections are characterized by the following structure equations:
Chern connection∇ :
Given any x ∈ M , let S x M := π −1 (x) and i x : S x M ֒→ SM be the injective map. It follows from [4] 
A transgression formula for the Cartan connection
In this section, we will investigate A and derive a transgression formula for the Cartan connection.
Clearly, A is a bigraded algebra (cf. [11] ). Hence, for a ⊗ b ∈ A i,j and c ⊗ d ∈ A k,l , the product of a ⊗ b and c ⊗ d is defined by
We always identify so(π * T M ) with ∧ 2 π * T M by the map
Note that the Cartan connection is a operator from A i,j to A i+1,j , i.e.,
In particular, ∇Ω = 0. Here, we view the curvature of the Cartan connection Ω as an element of A 2,2 . An easy calculation yields the following proposition, which is useful in this paper. 
where f : R → R is a smooth function and
Let A (SM ) := i A i,0 . Since π * T M is an oriented bundle, we can induce the Berezin integral B (cf. [5] ) to A such that Proof. Since e −Θt ∈ A n,n , U t is a n-form on SM . Now it follows from (3.2) and Proposition 3.2 that
Remark 2. Mathai-Quillen's proof of the formula (1.1) was carried out by constructing a Thom form on T M , which pulled back by the zero-section is exactly the Euler form. Although U 1 is similar to the Mathai-Quillen's Thom form restricted to SM , the argument in [11] cannot be applied in Finsler manifolds directly, since the connection form of any metric-compatible (or torsion-free) connection on π * T M cannot be extended to the zero-section for a general Finsler metric.
From above, we obtain the following transgression formula.
Proof. In view of (3.1), we have
This together with Lemma 3.3 and (3.2) yields Note that U t = e −t 2 /2 B(e −(it∇ℓ+Ω) ) → 0 (as t → ∞). Hence, Lemma 3.4 yields
Denote by Ξ the component of e −(ti∇ℓ+Ω) in A n−1,n−1 . Thus,
Using this simple observation, we easily get the following formula.
Lemma 4.1.
where Γ(s) is the gamma function and
Proof. It is not hard to see that
Clearly,
Combining ℓ = e n and all the equalities above, we have
where ǫ(n) := 1, n = 2p, i, n = 2p + 1. Now it follows from (4.1) that
However, if n = 2p + 1, then (4.1) implies Pf(−Ω) = 0 and (therefore)
Define
Pf(−Ω) and
An easy calculation yields that
Hence, Ω ∇ and Π are of the same form as the ones defined in [7, 8, 2, 13] . And Lemma 4.1 implies that Ω ∇ = dΠ. Clearly, this formula holds for any metriccompatible connection. For simplicity, set
Applying the same technique as in [13] , we obtain the following lemma.
Lemma 4.2. Given any vector filed X on M with isolated zeros {x}, let [X] : M \ ∪ {x} → SM \ ∪ S x M denote the section induced by X. Then, for each isolate zero x and each small ǫ > 0, Recall that vol(S n−1 ) = 2π n/2 /(Γ(n/2)) and
From above, we now prove Theorem 1.1.
Proof of Theorem 1.1. It is easy to see that
. 
Note that χ(M ) = 0 when n = 2p + 1. We finish the proof by letting ǫ → 0 + .
Remark 3.
In the Riemannian case, V(x) = vol(S n−1 ) and ∇ is the pull-back connection induced by the Levi-Civita connection. Hence, Υ 2 has no pure-dy part and (therefore) M [X] * D = lim ǫ→0 M\∪B
[X] * D = 0. Thus, the theorem above implies the Gauss-Bonet-Chern theorem [7, 8] . However, in the non-Riemannian case, Υ 2 may has the pure-dy part even when V(x) = const. Refer to [13] for more interesting results in this case. 
